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Abstract 

In this paper, by considering a special case of the spacelike mean curvature flow investi¬ 
gated by Li and Salavessa [||], we get a condition for the existence of smooth solutions of the 
Dirichlet problem for the minimal surface equation in arbitrary codimension. We also show 
that our condition is sharper than Wang’s in [13, Theorem 1.1] provided the hyperbolic angle 
6 of the initial spacelike submanifold Mq satisfies max^o cosh6 > V2. 


1 Introduction 

Let be a bounded domain in the Euclidean n-space M" and (j) : dO. — )■ R'” be a continuous 
map from the boundary of Q. to R“. The Dirichlet problem for the minimal surface system asks 
whether there exists a Lipschitz map /: —)■ R'" such that the graph of / is a minimal submanifold 

in and = ^. For m = 1 and any mean convex domain Q., Jenkins and Serrin 0 proved 
the existence of the solutions for this Dirichlet problem and the smoothness of all of the solutions. 
The Dirichlet problem is well understood owing to the pioneering works of Jenkins and Serrin [Q], 
De Giorgi 0, and Moser 0. However, they treated the Dirichlet problem for just hypersurfaces. 
For surfaces with higher codimension, very little is known. Is the high codimensional Dirichlet 
problem solvable, or under what kind of assumptions could one obtain the existence of solutions 
of this problem? Fawson and Osserman [Q] gave some nice examples to show how important 
the boundary data is for the solvability of high codimensional Dirichlet problems. If the minimal 
submanifold is additionally required to be Fagrangian, the minimal surface system becomes a fully 
nonlinear scalar equation 

Im ^det(/ + j = 0? 

where I is the identity matrix and D^f = ^ dx'dxi ) Hessian matrix of /. Caffarelli, Nirenberg, 

and Spruck [@] solved this Dirichlet problem with the prescribed boundary value of /. For n = 2 
and any convex planar domain, the existence of solutions of this problem was proved by Rado in 
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o (see also [|]]). For C^’“ small Diriehlet boundary data of finite codimension, Smale [ ]T^ used 
the method of linearization to prove the solvability successfully. 

Recently, under some assumption about the boundary data, Wang [ [131 ] proved the existence 
of smooth solutions of the Diriehlet problem for minimal surface systems in arbitrary dimensions 
and codimensions by using his results in [ jT^ , [T^ ] on high codimensional mean curvature flow of 
submanifolds. Surprisingly, by considering a special case of the spacelike mean curvature flow 
(MCF for short) considered in [^, we can prove the following result. 


Theorem 1.1. Let Q.be a bounded and closed convex domain inW^ (n> 2) with diameter 5. 
satisfies 


4nT]o5sup + \/2sup |Dt//| < 1, (1.1) 

fl do. 

then the Diriehlet problem for the minimal surface system is solvable for \j/\dO. smooth maps. 
Here r/g is a constant defined by ( |372| ), depending only on the spacelike graph ofkl, and for x G Q, 

\D\it\{x) := sup |Dv/(x)(v)| 

|v| = l 


and 


D^V/I (x) := sup |D^v/(x)(v,v) 
|v| = l 


are the norm and the squared norm of the differential D\j/{x) : M" —)■ R'”. 

The paper is organized as follows. We recall some useful facts about spacelike MCF in [p, and 
establish the relation between the parametric and the non-parametric forms of the flow in Section 
2. At the end of Section 2, as in [|r3|], a boundary gradient estimate is derived by using the initial 
map as a barrier surface. Theorem [^ will be proved in the last section. 


2 Some useful facts 


Assume the Riemannian manifold (Ei,gi) to be closed and of dimension n>2, and the Rieman- 
nian manifold (£ 2 ,^ 2 ) to be complete, of dimension m > 1. Let / : Ei —)■ E 2 be a smooth map 
from (Ei,gi) to (E 2 ,g 2 )- Let M — X ^2 t)c 3. pscuciO”RiciTi3nni3n manifold with the metric 
g = gi—g 2 - Let M be a spacelike graph defined by 


M = ry = {(p,/(p))|peEi}, 

and denote by g the induced metric on M. Clearly, if / is a constant map, M is a slice. If we denote 
this spacelike immersion by F = id Xgf, then we say that the spacelike graph M evolves along the 
MCF if 

f = H{xfi)^ Vx G M, Vt > 0, 


F(-,0)=F, 


( 2 . 1 ) 
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where H is the mean eurvature vector of Mt = {M,F*g) = Ft{M), and id is the identity map. The 
hyperbolic angle Q can be defined by (this definition can also be seen in [jT|, 0]) 

cosh0 = — . ^ , (2.2) 

Vdet(gi-/*g2) 

which is used to measure the deviation from a spacelike submanifold to a slice. Assume, in addi¬ 
tion, that the Ricci curvature of Ei satisfies Ricci\{p) > 0, and the sectional curvatures of Ei and 
E 2 satisfy Ki{p) > K 2 {q), for any p G Ei, ^ G E 2 . Besides, the curvature tensor R 2 of E 2 and all its 
covariant derivatives are bounded. By Theorem 1.1, Propositions 5.1, 5.2 and 5.3 in [0, we have 
the following. 


Theorem 2.1. Let f be a smooth map from Ei to E 2 such that Fq : M ^ M is a compact spacelike 
graph of f. Then 

(1) A unique smooth solution of ( |2.i[ ) with initial condition Fq a spacelike graphic submanifold 
exists in a maximal time interval [0, T) for some T >Q. 

(2) cosh0 defined by ( |2.2D has a finite upper bound, and the evolving submanifold Mt remains a 
spacelike graph of a map /f: Ei —)■ E 2 whenever the flow (U exists. 

(3) ||B||, ||//||, ||V*B||, and WV^HW, for all k, are uniformly bounded. 

(4) The spacelike MCF ( |2.7| ) exists for all the time. 


Now, we would like to explain the connection between the spacelike MCF ( |2.1|) and the high 
dimensional Dirichlet problem. Let C M” be a closed and bounded domain, and t// : —)■ 

be a vector-valued function. Then the graph of t// can be seen as the spacelike embedding id x : 
Q — >■ M” X M'" = M"+'” with the pseudo-Riemannian metric g = gi — g 2 = ds\ — ds\, where ds\ 
and ds\ are the standard Euclidean metrics of M" and M™, respectively. For the spacelike MCF 
(P7T{), choosing Ei = C M" and E 2 = M™, if we require FI^q^ = {id x t//) then the immersed 
mapping Ft, with Fq = F, should be a smooth parametric solution to the Dirichlet problem of the 
spacelike MCF, that is. 


dt 


= H, 


F\d£i = idx 

In a local coordinate system {x ^,... on Ei = kl, the spacelike MCF is the solution 

F = F^{x^,...,xf,t), A = 1,2,... ,n-fm, 
to the following system of parabolic equations 


* \i,^i Sx'SxJj 


where gd = {gif ^ is the inverse of the induced metric gij = and (■)^ and (■)^ 

denote the tangent and the normal parts of a vector in respectively. The Einstein summation 

convention that repeated indices are summed over is adopted in the rest of the paper. As in the 
proof of [ p^ Lemma 2.1], we can easily prove the following lemma. 
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Lemma 2.2. We have 


AF 


1 d 

y/Cdx' 



g- 


d^F 

dx^dxj 


where G = det{gij). 


Lemma tells us that AF is always in the normal direction, which implies that ^ ^, AF) = 


0 for !</<«. 

Similar to 0 Proposition 2.2], we can also derive a relation between parametric and non- 
parametric solutions to the spacelike MCF equation. 


Proposition 2.3. Suppose that F is a solution to the Dirichlet problem for spacelike MCF 
and that each F{Q.d) can be written as a graph over Q C M". Then there exists a family of 
diffeomorphisms rt of Q. such that Ft = Ft o rt is of the form 




and f = (/^,..., /'”) : X [0, F) —)■ satisfies 


dt ^ dx'dxt 


a = 1,... ,m, 


f\da = ¥\ 


dQ.i 


(2.3) 


where 


= and (2.4) 

Conversely, if f = (/\ ...,/“) : klx [0,T) ^ satisfies then F = I x f is a solution to 

(^F(x,o) =H{xd). 

By applying the maximum principle for scalar parabolic equations (see, for instance, [jT^]) to 
the second-order parabolic equation (^3l), we have the following. 

Proposition 2.4. Let f = (J^...,/'”) : x [0,F) —)■ be a solution to equation ( 12.3] ). If 

supf2x[o,r) l^/l bounded, then 

sup /■“<supV/“, 

tix[0,7’) O. 

with y/ = (t//\ ..., Xj/'”) the initial map given in equation ( ]2.3D . 

By using the initial data yr : R'” as a barrier surface, we can obtain the boundary gradient 

estimate as follows. 
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Theorem 2.5. Let Q.be a bounded convex domain in M" with diameter d. Suppose that the flow 
( ]Z3| j exists smoothly onQx [0, T). Then we have 

\Df\ < sup + \/2sup on ^f2x[0, T), 

1 ? n do. 

where ^ 

Proof. We use a method similar to that of the proof of [[131 , Theorem 3.1]. Denote by P the sup¬ 
porting [n — 1)-dimensional hyperplane at a boundary point p, and dp the distanee function to P. 
Let / = (/\ ... j/'”) be a solution of equation Consider the function defined by 

5(jc\..., jc", t) = vlog( 1 + Mp) - - 1 //“) 


on M" for each a = 1,2,...,m, where k,v > 0 are to be determined. The Laplace operator on the 
graph (r/,g = Ffg) is given by A = with gij satisfying Q). Clearly, 


g‘^ = {5ij - fifj) 


dij + 


Mj 

1-|D/|2’ 


where flfj = FFFW' Therefore, the eigenvalues of are between 1 and 1/(1 — i^). By 
direct computation, we know that S satisfies the following evolution equation 


±-/^S=-^{-^dp)F 
dt J 1 -|- kdp ^ 


Since dp is a linear function, Mp = 0, then 


vk^ 


^ij ddpddp 


{l+kdpY dx^ dxJ 
is reduced to 


(2.5) 


dt 


-A 5 = 


vk^ 


g 


ij ddpddp 


{l+kdpY dx' dxJ 


( 2 . 6 ) 


Since \Ddp\ = 1, dp{y) < |p — y] < 5 for any y G and the fact that the eigenvalues of gd are 
between 1 and 1 / (1 — (^), we have 

vk^ ij ddp ddp vk^ vk^ 

{\+kdpY^ dx^ dxl ~ {1+kdpfl ~ (l-l-k5)2’ 

and 


At//“ 




u 


d^Xf/^ 


dx'dxl 


< 


1-^ 


|dV|. 


Hence, if 


vk^ 

(l+k5)2 


> 


- —^sup|D \j/\, 


then, together with (|2^), we have (^ — A)5 > 0 on [0, T). On the one hand, by convexity, we have 
S > 0 on the boundary dQ. of kl except for S = 0 at p. On the other hand, 5 > 0 on O at t = 0. By 
the strong maximum principle for second-order parabolic partial differential equations, we have 


5>0, 


on O X (0,r). 
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The same eonelusion ean also be obtained for a new function S' := vlog(l +kdp) + (/“ — 1//“). 
Hence, we have that the normal derivatives satisfy 


dn 


{P) 


< 


< 


lim ' 

dp{x)—^0 dp\Xj 

vlog[l +kdp{x)\ 

dp{x)^0 dpi^x') 


vk. 


So, by changing coordinates of M'”, we may assume <9 /“/dn = 0 for all a except for a = 1 such 
that the inequality 


df 

< vk-f 

dy/ 

dn 


dn 


(2.7) 


holds. 

The Dirichlet boundary condition implies 


Odsif 




on dkl, 


( 2 . 8 ) 


where \D^^f\ is defined by := sup^ \Df{x)w\ for x G dkl and w being taken over all unit 

vectors tangent to Combining ( P77| ) and (P!S|), we have 


\Df\< 



2 

+ |D^^V/|2 < V2\D\j/\+vk, 


on dkl. 


Now, it is not difficult to find out that if we want to prove our assertion here, we actually need 
to minimize vk under the constraint sup |D^t//|. In fact, the minimum (vk)min of 

the function vk is obtained when k = and (vk)niin = 4n5(l — <^)^^ sup^^ \D^W\- Tho theorem 
follows. □ 


3 Proof of the main theorem 

Now, by applying the conclusions we recalled and derived in Section 2, we can prove Theorem o 
as follows. 

Proof of Theorem [TTZi We divide the proof of Theorem into five steps. 

Step 1. By the Schauder fixed-point theorem (see, for instance. Theorem 8.1 on p. 199 of [|1] 
for a detailed description and the proof of the Schauder fixed-point theorem), the solvability of 
the parabolic system (|2.3D can be reduced to the estimates of the solution (/“) of the uniformly 
parabolic system 


ill = 

dt 6 dx‘dxj ’ 


a = 1,... ,m, 


f\d£l 


(3.1) 
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with the coefficients 



- + 


15=1 


duP duf^ 
dx' dxi 


1 — \Du\^ 


for any w = (w^,..., m™) with uniform bound. The property of being uniformly parabolic of 
( ^7T| ) is equivalent to \Du\ < 1 for all time t G [0, T). Fortunately, \Du\ < 1 for 0 < t < T essentially 
corresponds to the fact that the evolving submanifold Mt is spacelike for all the time t G [0, T), 
which can be obtained directly from Theorem (2). Now, ( |3.1| ) is a decoupled system of linear 
parabolic equations, which is uniformly parabolic and whose required estimate follows from linear 
theory for scalar equations. Therefore, we know that the system ( P3| ) has the solution on a finite 
time interval. 


In fact, there is another way to show the short-time existence of the solution of ([2.3D. More 


precisely, by Theorem (1), we can also get the short-time existence, since in our case, as 
explained before, we choose Ei to be a closed domain in M" and E 2 = M™, which implies that 
the system ( ^3D is just a special case of the spacelike MCF ( |2.1| ) provided we additionally require 
fldo. = {id X \{r)\da^ i.e., = y^lda- 

Step 2. Denote the graph of ft by Mf. We show that \Dft\ < 1 holds under the assumption of 
Theorem |l^ Similar to (3.4) and (3.5) in 0, for each point p G Ei, we can choose an orthonormal 
basis for the tangent space TpM and for the normal space NpM given as follows 


1 


e; = 


1 LjS 


<^i + '^^il5(^l5 




ea = 


1 




a = n + l,...,n + m, 


where is a gi-orthonormal basis of TpL\ of eigenvectors of f*g 2 , {<^a}a=n+i,...,n+m is 

a g 2 -orthonormal basis of r^(p)E 2 , and df = —Xia with Xia = 8a,n+iXi. Here Xi, 1 < / < n, are the 
eigenvalues of f*g 2 . So, the spacelike condition on M implies Xf < 1 for each \ <i <n. We list 
them non-increasingly as X^ > X l>...>xl>o. By the classical WeyTs perturbation theorem, 
the ordering eigenvalues Xf : Ei —)■ [0,1) is a continuous and locally Lipschitz function. For each 
p G El, denote by 5 = ^(p) = {1,2, • • •, n} the rank of / at the point p, which implies Xf > 0 and 
As+i = Aj +2 = • • ■ = A„ = 0. Therefore, we have ^ < min{m, n}. In fact, after this setting, we have 
Xia = ^a,n+i = 0 if / > 5, or a > n -I- 5 . Under the orthonormal basis {ei,..., ..., en+m}, by 

the hyperbolic angle 9 satisfies 


cosh0 = 


1 


Vdet(gi-rg2) ^nr=i(i-A2) 


Let 


r\t := maxcosh0. 

M, 


(3.2) 














J. Mao 


8 


By Proposition 4.3], we know that {in our case, 'Li=Q.C M", E 2 = M™) the evolution equation 
of eosh0 here should be 

^ln(eosh0) = Aln(eosh0)-|||Bf- ^ Xf -2 £ XiXjh'Jl^^ 

I k,i=l k,i<j 

where ||B||^ = YJl j=\ the squared norm of the seeond fundamental form. Henee, 

there exists some nonnegative eonstant (. sueh that 

^ln(eosh0) < Aln(eosh0) — £||B|p < Aln(eosh0). 

Then by the maximum prineiple for parabolie equations, we ean obtain 



rit < T]o = maxeoshO 

Mo 


for 0 < t < r < 00 , whieh implies Xf{t) < 1 and 

i-A,^w>n(i-vw)>i>i 

i=\ ‘It ‘lo 

for any 0 < t <T < 00 . On the other hand, if we assume 

4n7]Q5sup|D^t//| + \/2sup < 1, 

O. do. 

then by integrating along a path in Q, we have sup^ |D/o| = sup^^ |Dt//| < 1 initially. Henee, by 
the above arguments, we have \Dft \ < 1 for any 0 <t <T < 00 , 


Step 3. By Theorem pT] (3) and (4), we know that the norms of the seeond fundamental form 
and all of its derivatives are bounded, and the flow ( |2.1D exists for all time. Henee, the solution to 
the spaeelike MCF ( |2.3D exists smoothly in [0, 0 °). 

Step 4. By [|^, Corollary 6.1], we know that there exists a time sequenee —)■ 0 ° sueh that 
sup^j II —)■ 0 when —)■ 0 °. Sinee we also have a gradient bound (see Theorem p] (3)), we ean 
extraet a subsequenee 6 sueh that the graph Mf. eonverges to a Lipsehitz graph with sup ||//|| =0 
and |D/| < 1, whieh implies that the limit submanifold is a minimal spaeelike submanifold. 

Step 5. Interior regularity of the limit follows from [1131 , Theorem 4.1], sinee the singular values 
Xi of Df satisfy \XiXj\ < 1 — I/t/q almost everywhere for any i ^ j. Boundary regularity follows 
from [^, Theorem 2.3]. Our proof is finished. □ 


Remark 3.1. Clearly, our eondition ( |1.1[ ) is better than that in [ ID] , Theorem 1.1] provided t]o = 
maxyi^^eoshO > v/2. 


Acknowledgments 

The author was supported by the starting-up researeh fund (Grant No. HIT(WH)201320) supplied 
by Harbin Institute of Teehnology (Weihai), the projeet (Grant No. HIT.NSRIF.20I5I0I) sup¬ 
ported by Natural Seientifie Researeh Innovation Foundation in Harbin Institute of Teehnology, 
and the NSF of China (Grant No. 11401131). The author would like to thank the anonymous 
referee for his or her eareful reading and valuable eomments sueh that the artiele appears as its 
present version. 




J. Mao 


9 


References 

[1] A. L. Albujer and J. L. Alias, Calabi-Berstein results for maximal surfaces in Lorentzian 
product spaces, J. Geom. Phys. 59 (2009) 620-631. 

[2] L. Caffarelli, L. Nirenberg and J. Spruck, The Dirichlet problem for nonlinear second-order 
elliptic equations. III. Functions of the eigenvalues of the Hessian, Acta Math. 155 (1985) 
261-301. 

[3] E. De Giorgi, Sulla differenziabilita e I’analiticita delle estremali degli integral! multipli re- 
golari, Mem. Accad. Sci. Torino. Cl. Sci. Fis. Mat. Nat. (3) 3 (1957) 25-43. 

[4] H. Jenkins and J. Serrin, The Dirichlet problem for the minimal surface equation in higher 
dimensions, J. Reine Angew. Math. 229 (1968) 170-187. 

[5] H. B. Lawson Jr. and R. Osserman, Non-existence, non-uniqueness and irregularity of solu¬ 
tions to the minimal surface system, Acta Math. 139 (1977) 1-17. 

[6] G. Li and I. Salavessa, Mean curvature flow of spacelike graphs. Math. Z. 269 (2011) 697- 
719. 

[7] G. Li and I. Salavessa, Graphic Bernstein results in curved pesudo-Riemannian manifolds, J. 
Geom. Phys. 59 (2009) 1306-1313. 

[8] G. M. Lieberman, Second order parabolic differential equations. World Scientific, River Edge, 
N.J., 1996. 

[9] J. Moser, A new proof of De Giorgis theorem concerning the regularity problem for elliptic 
differential equations. Comm. Pure Appl. Math. 13 (1960) 457-468. 

[10] M. H. Protter and H. L. Weinberger, Maximum principles in differential equations, Prentice- 
Hall, Englewood Cliffs, N.J., 1967. 

[11] T. Rado, On the problem of Plateau. Subharmonic functions. Reprint, Springer, New York- 
Heidelberg, 1971. 

[12] N. Smale, Geometric P.D.E.s with isolated singularities, J. Reine Angew. Math. 440 (1993) 
1-41. 

[13] M.-T. Wang, The Dirichlet problem for the minimal surface system in arbitrary dimensions 
and codimensions. Comm. Pure Appl. Math. 57 (2004) 267-281. 

[14] M.-T. Wang, Mean curvature flow of surfaces in Einstein four-manifolds, J. Differential 
Geom. 57 (2001) 301-338. 

[15] M.-T. Wang, Long-time existence and convergence of graphic mean curvature flow in arbi¬ 
trary codimension. Invent. Math. 148 (2002) 525-543. 



